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ABSTRACT: This work theoretically dealt with the effect of multifunctional initiators on the self-
condensing vinyl polymerization (SCVP) with nonequal molar ratio of stimulus to monomer (R). The
molecular size distribution function andothermolecular parameters of the resulting hyperbranched polymers
were derived analytically. The feed ratio of stimulus to monomer significantly affects the molecular
parameters of the products. At the specified conversion of monomer (x), 99%, the number distribution
curve of the total species formed appears as a bimodal structure for the low stimulus-to-monomer ratio, and it
changes from bimodal to monomodal with increasing fraction of stimulus. When the polymerization is
completed, the polydispersity index of the product increases with increasingR value, which is opposite for the
polymerization without the core initiator. The higher the functionality of the core initiator ( f ), the lower the
polydispersity index. However, unlike the homo-SCVP with core initiator, the polydispersity index does not
always monotonously decrease with increasing fraction of core initiators (β). If β >

√
R/f, then it increases

with increasing β; otherwise, it decreases monotonously.

Introduction

Since Fr�echet and coworkers1-3 reported the self-condensing
vinyl polymerization (SCVP) in 1995, theoretical investigations
have been made systematically. M

::
uller, Yan, and coworkers4,5

developed the kinetic theory for the SCVP in 1997 andderived the
analytical expressions of the molecular size distribution function
and other molecular parameters for the hyperbranched polymers
obtained. In addition, M

::
uller et al. 6 suggested an approach to

narrow the molecular weight distribution, which can be con-
ducted in two ways: (i) the semibatch process: monomer mole-
cules were added so slowly to the additional multifunctional
initiator solution that they could react onlywith the core initiators
or the macromolecules formed already but not with each other
and (ii) the batch process: the additional multifunctional initiator
and monomer molecules were mixed instantaneously. The
authors gave the expressions of the molecular weight distribution
and its averages for the semibatch process and those of molecular
weight averages for the batch process. Then, the authors of this
work and M

::
uller7 reported the molecular weight distribution

function for the batch process. Using generating function,
Cheng et al.8,9 evaluated the influence of the trifunctional cores
with nonequal reactivities on various molecular parameters of
hyperbranched polymers. Monte Carlo simulation was also used
to treat SCVP in the presence of multifunctional initiator with
nonequal reaction rate constants.10,11 M

::
uller et al.12,13 presented

the technology of the self-condensing vinyl copolymerization
(SCVCP) to design the molecular structure and parameters.
Theoretical calculation shows that the average degree of branch-
ing strongly depends on the feed ratio of comonomers and the
relative reactivities of the monomer and inimer.12,13

SCVP involves AB-type monomers. The A group is a double
bond, and B is a pendent group that can be transformed into an

initiating center by an external stimulus. Therefore, the B group
becomes activated, and the AB monomer is transferred to an
AB* molecule, which had been coined as the “inimer”.4 Chain
initiation is the additionof the activeB* group to the double bond
of other inimers and residual monomers. If all ABmonomers are
transferred toAB* inimers, then it is the homo-SCVP. If themole
number of stimulus is less than the initial mole number of the
monomer, then there are bothAB* inimers andABmonomers in
the reaction system at the beginning of the polymerization. The
activation reaction is usually assumed to be finished instanta-
neously. All aforementioned kinetic theories are confined to the
homo-SCVP. In the last year, we14 have reported the molecular
size distribution function and calculated various molecular para-
meters for the general model of SCVP with nonequal ratio of
stimulus to monomer. The self-condensing ring-opening poly-
merization of 3-ethyl-3-(hydroxymethyl)oxetane is another
example for this model. A series of hyperbranched poly[3-ethyl-
3-(hydroxymethyl)oxetane]s with various degrees of branching
have been synthesized by adjusting the feed ratio of catalyst to
monomer.15-19The experimental data showed that themolecular
structures and parameters of the hyperbranched polymers ob-
tained are indeed related to the feed ratio of catalyst tomonomer.
In this work, we further investigate the kinetics of the general
SCVP in the presence of a small amount of multifunctional
initiator molecules, giving the expressions of molecular size
distribution function and various molecular parameters, which
may facilitate molecular design of the product and control of the
polymerization process.

Kinetic Analysis

The reaction mechanism can be described by Scheme 1 with a
trifunctional core initiator. The AB monomers are partially
transformed into AB* inimers by the stimulus. Let M0 be the
initial concentration of AB monomers and R (e1) be the mole
ratio of stimulus to monomers. Usually, the active reaction
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finishes instantaneously. Therefore, at the beginning of polymer-
ization, the concentration of AB* inimers is RM0, and that
of residual monomers is (1- R)M0. To reduce the polydispersity
of the resulting hyperbranched polymer, a small amount of
multifunctional core initiator, Bf* ( f represents the functionality,
i.e., the number of active B* groups in the initiator), is present in
the reaction system, and its concentration is denoted as βM0.

The double bondA can reactwith any active group (B* orA*),
and the A becomes active A* group after it reacts. The poly-
merization results in two types of species. One is those without
core initiator and the other includes a core initiator. Let
Pi,n denote the concentration of the species consisting of n inimer
units and (i-n) monomer units without core and Gi,n denote the
concentration of the species with a core and n inimer units and
(i-n) monomer units. If the core initiator is neglected, then the
degrees of polymerization of bothPi,n andGi,n are i. According to
the kinetic mechanism,4,7,14 there is exactly a double bond and
n active centers (A* + B*) in every Pi,n species, and there are
n+ f active centers in every Gi,n species. The chemical equations
for the formation of species read Pl,j + Pi-l,n-j f Pi,n and Pl, j +
Gi-l,n-j f Gi,n.

If the rate constants of the various active groups are assumed
to be identical and the intramolecular cyclization reactions are
excluded, then the kinetic differential equations for the evolution
of species with respect to time are

dPi, n
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¼ k

2

X
l<i, jel
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where k represents the reactivity between a double bond and an
active site. In these two equations, the first term represents the
generation rate of the corresponding species and the second
negative term denotes the consumption.

The initial conditions of species read

P1, 1jt¼0 ¼ RM0; P1, 0jt¼0 ¼ ð1-RÞM0; Pl, jðl > 1Þjt¼0 ¼ 0

G0, 0jt¼0 ¼ βM0; Gl, jðl > 0Þjt¼0 ¼ 0 ð3Þ

The constraint conditions can be written asX
i>0, nei

nðPi, n þ Gi, nÞ ¼ RM0 ð4Þ

X
i>0, nei

ði-nÞðPi, n þ Gi, nÞ ¼ ð1-RÞM0 ð5Þ

X
ig0, nei

Gi, n ¼ βM0 ð6Þ

Because every inimer, AB*, ormonomer, AB, has a double bond,
A, the conversion of double bonds is defined as

x ¼ M0 -
P

i>0, nei Pi, n

M0
ð7Þ

that is, the total number of double bonds in the reaction system is

A ¼
X

i>0, nei

Pi, n ¼ M0ð1-xÞ ð8Þ

Differentiating both sides of eq 8 leads to

dA

dt
¼ -M0

dx

dt
ð9Þ

However, the consumption of the double bonds fits

dA

dt
¼ -kAðA� þ B�Þ ¼ -kM2

0ðR þ f βÞð1-xÞ ð10Þ

where the total concentration of active site, A* + B*, always
remains constant,M0(R+ fβ). Comparing eqs 9 and 10 leads to

dx

dt
¼ kM0γð1-xÞ ð11Þ

with

γ ¼ R þ f β ð12Þ
By dividing eqs 1 and 2 by eq 11 and using the constraint

conditions (eqs 4-6), we can transfer the variable from the
time, t, to the double conversion, x, for the kinetic differential
equations.

dPi, n

dx
¼ 1

2M0γð1-xÞ
X
l, j

nPl, jPi-l, n-j -
n

γ
þ 1

1-x

� �
Pi, n

ð13Þ
dGi, n

dx
¼ 1

M0γð1-xÞ
X
l, j

ðf þ n-jÞPl, jGi-l, n-j -

1

γ
ð f þ nÞGi, n ð14Þ

Molecular Size Distribution and Molecular Parameters

Solving eqs 13 and 14 yields

Pi, n ¼ M0
ni-1

n!ði-nÞ!R
nð1-RÞi-nð1-xÞðx=γÞi-1e-nx=γ ð15Þ

Gi;n ¼ M0β
f ðf þ nÞi-1

n!ði-nÞ! Rnð1-RÞi-nðx=γÞie-ð f þnÞx=γ ð16Þ

Equations 15 and 16 are just the molecular size distribution
function of the species formed from the general SCVP in the
presence of multifunctional initiators. If β = 0, then eq 15

Scheme 1
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degenerates into the size distribution function reported for
general SCVP,14 and if R = 0, then these two expressions can
be reduced to that for homo-SCVP in the presence of multi-
functional core initiators.7 If both R and β are zero, then eq 15
degenerates into the size distribution function for homo-SCVP
without core initiators.5 The variousmolecular parameters can be
obtained from these two expressions. Equations 6 and 8 are the
respective zeroth moments of Pi,n and Gi,n distributions; that is,
μ0
P = Σig0,nei Pi,n = M0(1 - x) and μ0

G = Σi>0,nei Gi,n = βM0.
The first and second moments can be derived as

μP1 ¼
X

i>0, nei

iPi, n ¼ M0
1-x

1-Rx=γ
ð17Þ

μP2 ¼
X

i>0, nei

i2Pi, n ¼ M0
γð1-xÞ
ðγ-RxÞ3 ½γ

2 þ Rð1-RÞx2� ð18Þ

μG1 ¼
X

i>0, nei

iGi, n ¼ M0
f βx

γ-Rx
ð19Þ

μG2 ¼
X

i>0, ne0

i2Gi, n

¼ M0f βx
γ2 þ f γx-fRx2 þ Rð1-RÞx2

ðγ-RxÞ3 ð20Þ

For the sake of simplicity, the core initiators can be neglected
when we investigate the molecular size and average molecular
weight because it is only a small fraction. Then, the normalized
number-, weight-, and z-distribution of the molecular size can be
defined as
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P

neiðPi, n þ Gi, nÞP
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1
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"
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ð21Þ
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P

nei iðPi, n þ Gi, nÞP
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i
xð1-RÞ

γ

� �i X
nei
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x
þ

"

βf ð f þ nÞi-1e-fx=γ

#
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R
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ZðiÞ ¼
P

nei i
2ðPi, n þ Gi, nÞP

i>0, nei i
2ðPi, n þ Gi, nÞ ð23Þ

Figure 1 shows the number distribution of the products,
with x = 0.99, β = 0.01, and R = 0.1 at the specified values of
f = 0, 1, 2, and 5, respectively. A particular feature is that
the distribution curve has a bimodal when f > 1. It should
contribute to the fact that the products consist of two clusters.
One is the group ofPi,n species and the other is that ofGi,n species.
Figure 2 is a typical example of the number distributions
of these two types of species in which the low molecular
weight distribution comes from the Pi,n species and the high

molecular weight distribution comes from the Gi,n species. In
consequence, it results in the total dimodal distribution curve.
When f = 1, there is a major overlap of the two distributions,
which composes a monomodal for the total distribution curve.
The large value of f favors the formation of Gi,n species. There-
fore, with the increase in f, the peak of the Pi,n species drifts
toward the left (low degree of polymerization), and the other
drifts toward the right. The higher the value of f, the larger the
space between the two peaks.

Shown in Figure 3 are the total z-distribution curves under the
same parameter conditions as those used in Figure 1. Every
z-distribution curve has only a monomodal regardless of the
values of f. It is evident from Figure 3 that the larger the
functionality of the core, the narrower the molecular weight
distribution,which is in agreementwith that of homo-SCVP7 and
ABg type polycondensation21,22 in the presence of a multifunc-
tional initiator. For the general SCVP without core initiators,
that is, f= 0, the molecular size distribution is extremely broad,
and the z-distribution curve presses close to the abscissa on the
present scale of Figure 3.

With the increase in R values, the fraction of inimers
increases, and the probability of formingGi,n species decreases.
The typical number distribution curves, with x = 0.99, β =
0.01, and f= 3 at the specified values R= 0.5 and 1, are given
in Figures 4 and 5, respectively. The dashed lines (NP) denote
the number distribution of Pi,n species, and the dotted lines
(NG) represent the distribution of Gi,n species. The solid lines
(N) represent the total distribution of products. The respective

Figure 1. Number distributions of the hyperbranchedpolymers formed
from general SCVP in the presence of multifunctional cores with
x = 0.99, β = 0.01 and R = 0.1 at the specified values of f: 0 (;),
1 (---), 2 ( 3 3 3 ), and 5 (- 3-).

Figure 2. Typical number distributions of the hyperbranched polymers
formed fromgeneral SCVP in thepresence ofmultifunctional coreswith
x=0.99, β=0.01, andR=0.1 at the specified values of f=3.NP: the
distribution of Pi,n species; NG: the distribution of Gi,n species.
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peak of Pi,n andGi,n species still appears at R=0.5, but there is
no dimodal for the total distribution. There is even no peak for
the respective distribution curve at R= 1. Therefore, it can be
known that the total number distribution changes from dimo-
dal to monomodal by increasing the fraction of stimulus, that
is, R values, and there is no peak at a high value of R. Shown in
Figure 6 is the z-distribution curves at f = 3, x = 0.99,

β = 0.01, and the several R values margined. The lower the
R value, the narrower the molecular weight distribution.

The molecular weight of Pi,n species with n inimers and
(i-n) monomers is [nwI + (i - n)wM] and that of Gi,n species
is [nwI + (i - n)wM + wG], where wI, wM, and wG denotes the
mass of inimer, monomer, and core initiator, respectively.
Therefore, the kth molecular weight distribution (MWD)
moment is

μk ¼
X
i, n

½nwI þ ði-nÞwM�kPi, n þ
X
i, n

½nwI þ ði-nÞwM þ wG�kGi, n ð24Þ

The number- and weight-average molecular weights of the
products formed are defined as Mn = μ1/μ0 and Mw = μ2/μ1,
that is

Mn ¼
P

i, n½nwI þ ði-nÞwM�ðPi, n þ Gi, nÞ þ wG

P
i, n Gi, nP

i, nðPi, n þ Gi, nÞ
ð25Þ

Mw ¼
P

i, n ½nwI þ ði-nÞwM�2Pi, n þP
i, n ½nwI þ ði-nÞwM þ wG�2Gi, nP

i, n½nwI þ ði-nÞwM�ðPi, n þ Gi, nÞ þ wG

P
i, n Gi, n

ð26Þ
As a matter of fact, the inimer was formed by activating

monomer, and they have same mass. Furthermore, the mole-
cular weight of the hyperbranched polymers always remains
large when the reaction approaches completion, and the mass
of the core initiator may be negligible. The average mole-
cular weight can be substituted by the average degree of poly-
merization.

Pn ¼
P

i, n iðPi, n þ Gi, nÞP
i, nðPi, n þ Gi, nÞ ¼ 1

1-x þ β
ð27Þ

Pw ¼
P

i, n i
2ðPi, n þ Gi, nÞP

i, n iðPi, n þ Gi, nÞ ¼

1

γ2ð1-Rx=γÞ3 fγ
2 -xðγ2 -f βγÞ þ x2ðR-R2 þ f 2βÞ-

x3R½1-R þ f βðf -1 þ RÞ=γ�g ð28Þ

Figure 3. z-Distributions of the hyperbranched polymers formed from
general SCVP in the presence of multifunctional cores under the
identical conditions in Figure 1.

Figure 4. Numberdistributionsof the hyperbranchedpolymers formed
from general SCVP in the presence of multifunctional cores with x =
0.99, β= 0.01, f= 3, and R= 0.5.NP: the distribution of Pi,n species;
NG: the distribution ofGi,n species;N: the total distribution of products.

Figure 5. Numberdistributionsof the hyperbranchedpolymers formed
from general SCVP in the presence of multifunctional cores with x =
0.99, β= 0.01, f= 3, and R= 1.0.NP: the distribution of Pi,n species;
NG: the distribution ofGi,n species;N: the total distribution of products.

Figure 6. z-Distributions of the hyperbranched polymers formed from
general SCVP in the presence of multifunctional cores with x = 0.99,
β = 0.01, and f = 3 at the specified values of R: 0.1, 0.2, 0.5, and 1.0.
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The polydispersity index of the products reads

PI ¼ Pw=Pn ¼
1-x þ β

γ2ð1-Rx=γÞ3 fγ
2 -xðγ2 -f βγÞ þ x2ðR-R2 þ f 2βÞ-

x3R½1-R þ f βð f -1 þ RÞ=γ�g ð29Þ
If the residual monomers, inimers, and core initiators are

excluded, then the revised number- and weight-average degrees
of polymerization and the polydispersity index read

Pn
0 ¼ 1-ð1-RÞð1-xÞ-Rð1-xÞe-x=γ -βe-fx=γ

1-x þ β-ð1-RÞð1-xÞ-Rð1-xÞe-x=γ -βe-fx=γ

ð30Þ

Pw
0 ¼ μ2=M0 -ð1-RÞð1-xÞ-Rð1-xÞe-x=γ -βe-fx=γ

1-ð1-RÞð1-xÞ-Rð1-xÞe-x=γ -βe-fx=γ
ð31Þ

PI0 ¼ Pw
0

Pn
0 ð32Þ

Shown in Figure 7 is the evolution of the number-average
degree of polymerization. The solid line denotes the total average
degree of polymerization calculated from eq 27, which is inde-
pendent of f and R, and the dashed line is the average degree of
polymerization ofGi,n species for the specified R values, 0.01, 0.5,
and 1.0, respectively, calculated according to Gn = μ1

G/μ0
G. For

the low value of R, the average degree of polymerization of
Pi,n species is very small. At any specified x, the lower the R, the
larger the average degree of polymerization of Gi,n species
formed. At the end of the reaction (x = 1.0), the Pi,n species
disappears, and the total average degree of polymerization
reaches 1/β regardless of the R values. Similar to the homo-SCVP
in the presence of multifunctional initiators, the polydispersity
index of the products initially increases with increasing reaction
extent of A groups and decreases after a maximum. Here,
however, the location of the maximum of the polydispersity
index depends on the value of R. The lower the value of R, the
earlier the maximum appears, as shown in Figure 8.

At the end of reaction, the polydispersity index reads

PI ¼ 1

f 2β
½ð2f β þ 1ÞR þ f 2βð1 þ βÞ� ð33Þ

The pictorial relationship of eq 33 is shown in Figure 9. The
polydispersity index increases linearlywith the increase inR at the
specified f and β, and the slope decreases with increasing
functionality of core initiator. The polydispersity index always
decreases with increasing f. As for the dependence of the poly-
dispersity index on β, it can be known from the equation that it
decreases with increasing fraction of core initiator if β <

√
R/f.

Otherwise, it increases monotonously. The number-average
degree of polymerization remains constant at the specified x.
Therefore, the corresponding relationship of the weight-average
degree of polymerization can be understood from eq 33 and
Figure 9 as well.

Conclusions and Discussion

For the general SCVP in the presence of multifunctional core
initiators, the feed ratio of stimulus to monomer considerably
affects the molecular weight distribution and molecular para-
meters for the resulting hyperbranched polymers. For a low ratio

of stimulus/monomer, the number distribution curve of the total
product has a dimodal structure. The peak in low molecular
weight distribution belongs to the species without the core
initiator (Pi,n), and the peak in high molecular weigh distribution
belongs to the Gi,n species. The space between the two peaks
increases with the increase in the functionality of core, f. The total
number distribution changes from dimodal to monomodal with
increasing fraction of stimulus, and there is no peak at a high
value of R. For the ultimate products, the polydispersity index
increases with increasing R value. It can be understood that the

Figure 7. Evolution of the number-average degree of polymerization
with f = 3 and β = 0.01. Solid line: the number-average degree of
polymerization of total products; dashed lines: the number- average
degree of polymerization of theGi,n species with R=0.01, 0.5, and 1.0,
respectively.

Figure 8. Dependence of polydispersity onxwith f=3andβ=0.01 at
the values of R = 0.01, 0.1, 0.5, and 1.0, respectively.

Figure 9. Dependence of polydispersity on the ratio of stimulus-to-
monomer at x = 1, β = 0.01, and the several specified values of f.
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large fraction of inimers results in a high probability of forming
the Pi,n species, which enhances the polydispersity index. Oppo-
sitely, the polydispersity decreases with increasing R for the
general SCVPwithout core initiator.14 For the homo-SCVP with
core initiator, the polydispersity index of the product always
decreases with increasing fraction of core initiator.7 However, it
depends on both the fraction of stimulus (R) and that of core
initiator (β) for the polymerization model in this work. It can be
known from eq 33 that the polydispersity index decreases
with increasing β on the condition that β <

√
R/f; otherwise, it

increases monotonously.
Experiment17,23 and Monte Carlo simulation10,11 have con-

firmed the theoretical prediction that the polydispersity index is
slightly lowwhen a coremoleculewas used in the polymerization.
However there is very little experimental detail of the molecular
weight distribution in the literature. In the synthesis of hyper-
branched phenylacetylene polymers by 3,5-diiodophenylacety-
lene (AB2 monomer) in the presence of multifunctional core,
monomodal molecular weight distributions were observed at low
monomer/core ratios. As this ratio increases, a bimodal mole-
cular weight distribution was observed, which consists of a sharp
peak at high molecular weight and a broad tail at low molecular
weight.24 It is thought that the low molecular weight distribution
comes from the self-polymerization of added AB2monomer. The
calculated number distributions in this work are in good agree-
ment with their experimental results.

The theoretical treatment in this work is limited to the
assumption that the reactivities of A* and B* functional groups
are identical and the intramolecular cyclization is absent. Taking
into account the effect of nonequal reactivities, some investiga-
tions have been reported for the SCVP;25,26 however, further
endeavor is needed still to interpret the results fully.
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